Abstract: In this paper we present an inverse analysis method for material parameter identification applied to the hypoplastic constitutive model for soils. The proposed method is classified as a directapproach one, since the discrepancy between the material responses, measured and calculated by means of the finite element method is directly minimized. In the presented work this minimization is made up of the modified Levenberg-Marquardt optimization method based on the so-called trust region approach. We provide a numerical example of parameter identification for a triaxial test performed on a sand material, supplemented by the analysis of the influence of the initial guesses of the parameters to be identified, as well as the errors in the measured control data on the identification process.
INTRODUCTION
We here present a parameter identification procedure applied to the incrementally nonlinear constitutive model for soils which is referred to as hypoplastic.
The usefulness of different varieties of this model was proved in many engineering applications such as the analysis of localized bifurcation [1] or numerical simulation of penetration in sand [2] . Hence, the knowledge of the material parameters present in this model is of particular interest of the practitioners in the field of geotechnical engineering.
These parameters can be identified by means of an experiment providing load-displacement data which have to be converted into stress-strain ones. This conversion may be performed without errors for homogeneous states of deformation during the experiment, generally though, this condition is not satisfied that gives rise to approximation errors. The proposed method is free from this kind of errors, since it simply avoids the above-mentioned conversion [3] . It is based on an optimization algorithm which minimizes a nonlinear error function of the parameters to be identified, constituting a least-squares problem.
Several researches have successfully applied different varieties of the inverse analysis method to such inverse problems as constitutive function characterization [4] , identification of material parameters present in various constitutive models of engineering materials [5, 6, 3] , or load and boundary conditions identification [7] . The origins of the inverse analysis applied to the parameter identification can be traced back to the paper by Kavanagh et al. [8] 
(2) h must be isotropic, that is,
where Q is any orthogonal tensor, and
where n is a scalar denoting the degree of homogenity. 
where It is noteworthy that the stress-strain and volumechange plots which are representative for whole material body can only be obtained for the homogeneous state of deformation. Such state practically cannot be accomplished even for the simple-compression triaxial test, in which caps and bases are lubricated to minimize the friction effect. This fact gives rise to the approximation errors and what follows, the material parameters obtained by means of such calibration procedure must also contain some errors. However, taking into account that the only available calibration data for the applied constitutive model are obtained by means of a triaxial test with assumed homogeneous state of deformation, i.e. by the so-called element test, we performed a numerical simulation of this kind of test and we identified the material parameters on the basis of the results of this simulation. Therefore, comparison of the identified material parameters with the parameters calculated by Eqs. (9a) to (9d) makes it possible to estimate the effectiveness of the applied parameter identification procedure. Kolymbas [16] has shown that the constitutive model of his authorship produces many realistic results including stress-strain curves for triaxial, oedometric and simple shear loading and unloading tests and predictions of the properties of soil behavior such as the limit condition and dilatancy. Therefore, this model can be recommended for many numerical applications.
In case of the applied constitutive model, the loading history which is relevant to the actual mechanical response has been condensed to the actual stress state. This fact considerably simplifies description of the load-displacement behavior of soils which are known for their complicated history dependence. On the other hand, as pointed out by Kolymbas [16] , this simplification is also the reason of some shortcomings, embodied by such unrealistic predictions as increase of the volume in case of the continuous shear deformation or the so called ratcheting effect (repeated stress cycles result in equal strain increments). To overcome these shortcomings Kolymbas suggested modification of Eq. (7) by introducing the tensorial stress-like memory parameter termed the structure tensor S which is built up according to the following evolution equation:
where C5 is the additional material parameter. However, since we could not find any calibration procedure for this additional material parameter, in this work we apply the constitutive model in its basic form, represented by Eq. (7). It should be mentioned that after Kolymbas [17] several authors have developed many varieties of the hypoplastic constitutive model, among which one can find the proposal of Wolffersdorff [19] , Wu [20] 
in which R(P) is the residual vector which is defined by
where du* denotes the vector of FEM-calculated displacement increments du, whose elements are restricted to the nodes and freedom degrees of the measured displacement increments du. Therefore, the presented method can be classified as the least-squares method. Moreover, since the material response is calculated as a solution to the direct problem for each error function evaluation required by an optimization algorithm, the proposed inverse analysis method can be also classified as the direct-approach method [10] . Due to the incremental nonlinearity of hypoplastic problems, in the finite element procedure we apply the Newton-Raphson method [1] . We found that for the proper parameter identification, the error function (14) should be modified so that it includes the residual contributions after each load increment, that is, where Ri is the residual vector calculated according to Eq. (15) after i-th load increment, and Nl is the total number of load increments. Hence, the modified error function reads where Nm is the number of the measured displacement increments multiplied by the number of the load increments.
OPTIMIZATION ALGORITHM
In the presented work we apply a modified version of the Levenberg-Marquardt optimization method, based on the trust region approach [22] , which allows finding a global minimizer of a given function in a stable manner. It implies minimization of the quadratic model of the error function (17) 
NUMERICAL EXAMPLE
Here we present an example of parameter identification for a sand material subjected to a numerically simulated triaxial test. At first we perform a direct analysis, that is, a numerical simulation of a real test by means of FEM incorporating the hypoplastic constitutive model. The incremental displacement data recorded during this direct analysis are later used as the control data in the inverse analysis.
The real simple compression triaxial test was performed at the confining pressure of 100kN/m2 on the Oostershelde sand, that is, the uniform fine silica sand with subangular to subrounded particles characterized by the relative density Dr=38%. The parameters of the hypoplastic constitutive model (7) for this material, obtained by Sikora by means of the calibration procedure provided in Section 2, improved by the nonlinear optimization method described in [1] The FEM simulation of the above mentioned triaxial test is considered an axisymmetric problem. Due to the geometrical symmetry, calculations are performed only for the part of the total material domain depicted in Fig. 4 . This figure also illustrates the mesh used in the finite element method, the loading conditions and the nodes at which the displacement increments are measured. In this case, the finite element mesh consists of 121 nodes and 32, 8-node quadrilateral elements.
The horizontal displacements at the left hand side and the vertical displacements at the bottom part of the computational domain are fixed. The simulated compression pressure of 400kN/m2 acting in axial direction is divided into 40 steps and the effective confining pressure of 100kN/m2 is kept constant during this simulation. Material behavior is governed by the hypoplastic constitutive model (7) with the material parameters (33).
Study of Parameter Identification Method
A preliminary study was performed to provide some information on the proposed inverse analysis method in view of the parameter identification process and the final values of the identified parameters, that is, to determine: (1) the effect of the number of load increments, (2) the effect of initial guesses of the parameters, and (3) the effect of errors in the measured data. The analysis of the effect of the number of load increments revealed that at least two load increments are necessary to identify the parameters correctly. For only one load increment the identified parameters took unrealistic values, even though the error function was minimized. This can be explained by the fact that for only one load increment the number of the control conditions, that is, the number of the measured nodal displacement increments multiplied by the number of load increments was insufficient.
It is well known that in the gradient type optimization algorithms the initial guesses of the material parameters play important role [3] . Thus, several initial guesses were chosen to determine their effect on identification process (see Table 1 ). Table 1 . Initial guesses applied in the inverse analysis method.
In this study the initial values of the material parameters were scaled to departure from their expected values by a given percentage. This analysis revealed that the material parameters were identified correctly for the initial guess of each parameter which did not departure by more than 30% from its expected value, as shown in Fig. 5 for C1 chosen as the representative parameter. Thus, for the analyzed problem +30% and -30% of the expected values of the parameters can be treated as the upper and lower bounds of the initial guess applicability intervals, respectively. It should be mentioned that further increase of the departure of the initial guesses of the parameters from the expected values resulted in the numerical instability of the solution process. It is a direct consequence of the lack of constraints put on the feasibility domain of the material parameters e.g. by setting the penalty functions (as it is suggested in [3] ) or by applying the constrained optimization method. This in turn is due to the difficulty in interpreting the physical meaning of the material parameters appearing in the applied hypoplastic constitutive model. Thus, a further study is required to clarify this issue.
In order to determine the influence of errors in the measured data on the identification process and the final values of the identified parameters we applied the data containing some noise. This noise was artificially generated and randomly introduced into the control displacement data, following a Gaussian distribution with zero mean and the standard deviation representing the error, taken as a given percentage of the mean measured displacement increment after each load increment of the numerically simulated triaxial test.
----Expected value Due to the big calculation effort related to this analysis we performed the parameter identification only for the first 10 load increments. Figure 6 illustrates that this influence varies depending on the parameters. In case of the parameters C1, C3 and C4 this influence is quite small (the absolute error between identified and expected values of the parameters does not exceed 2.5% for the 5% error in the measured data), but parameter C2 is much more sensitive to the errors in the measured data (identified value of C2 departured from its expected value by almost 20% for the 5% error in the measured displacement data). The results of this analysis allow to estimate the identification errors, provided the precision of the equipment for measuring the displacement increments.
After the preliminary study we identify the material parameters using the control displacement data recorded during the numerically simulated triaxial test. The applied initial guesses and the identified values of the parameters are listed in Table 2 , while the identification process is represented in Fig. 7 . The initial guesses applied herein were chosen arbitrarily from the previously determined intervals of their applicability, however, it is recommended to set the initial guesses to the published calibrated values of the material parameters for the same or similar soil material if available. The robustness and regularization properties of this algorithm significantly improve the parameter identification process. On the other hand, the proposed method is subjected to several limitations implied by the errors in the measured data and choice of the initial guesses of the parameters. That is, for significant errors in the measured data we cannot expect the parameters to be identified precisely, and for improperly selected initial guesses of the parameters the identification process may not converge to the expected solution. In the applied method the number of the measured data multiplied by the number of load increments must be greater than the number of the unknown parameters to avoid the situation in which the analyzed inverse problem is underdetermined.
It was also found that the error function should incorporate the residual contributions after each load increment and that at least two load increments are necessary for proper parameter identification.
The preliminary study of the influence of initial guesses of the material parameters and errors in the measured data on the identification process allowed to establish the initial guesses applicability intervals and revealed that the sensitivity of each parameter to errors in the measured data differs significantly. The results of this analysis allow to choose appropriate initial guesses of the parameters and to estimate identification errors, provided precision of the measuring equipment in case of a real experiment. Feasibility domain of the material parameters incorporated in the applied constitutive model could not be established due to the difficulty in interpreting their physical meaning. Thus, the unconstrained optimization method was applied, what in turn resulted in the numerical instability for the initial guesses of the parameters whose values were beyond the initial guess applicability intervals. This problem requires further study.
The effectiveness of the proposed method applied to the analyzed problem after taking into account the above mentioned limitations was indicated by the high accuracy of the identified parameters reached with the small number of the error function evaluations, required by the applied optimization algorithm.
